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An analytical approach for studying the cosmological scenario with a homogeneous tachyon field 
within the framework of loop quantum gravity is developed. Our study is based on the semi-classical 
regime where space time can be approximated as a continuous manifold, but matter Hamiltonian 
gets non-perturbative quantum corrections. A formal correspondence between classical and loop 
quantum cosmology is also established. The Hamilton- Jacobi method for getting exact solutions is 
constructed and some exact power-law as well as bouncing solutions are presented. 
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I. INTRODUCTION 

One of the outstanding problems in theoretical physics 
today is to describe the quantum regime for the gravita- 
tional field. A fully consistent quantum theory of grav- 
ity is still not available. Currently two most promis- 
ing and rigorous approaches are String theory |lj and 
Loop Quantum Gravity ,2]. String theory provides an el- 
egant prescription to unify the fundamental interactions 
and it also has a well defined perturbative expansion, fi- 
nite order by order. But the no-perturbative regime in 
string theory is still not well understood. On the other 
hand, Loop Quantum Gravity (LQG) is a background 
independent, non-perturbative candidate for the quan- 
tum theory of gravity. It is a formulation for canonical 
quantization of general relativity in terms of Ashtekar's 
variable 3]. Some important achievements of this the- 
ory are the discreet spectra for the geometrical opera- 
tors like area and volume |4j, existence of the well-defined 
operators for the matter Hamiltonian (^J and the deriva- 
tion of the Bekenstein-Hawking entropy formula for black 
holesQ . During last couple of years, the methods of LQG 
have been applied in cosmological context and is known 
as Loop Quantum Cosmology (LQC)0- In this paper, 
we work in the LQC framework in the context of spatially 
flat homogeneous and isotropic models. 

In LQC, the universe has three evolutionary periods. 
Initially, the evolution is governed essentially by the dis- 
creet quantum nature of the space time predicted by the 
LQG and is described by the difference equations [8l Oj. 
The key feature of this period is the removal of initial 
big bang singularity of the space timejg). Subsequently, 
the universe enters a semi-classical period of evolution, 
where the evolution equations are continuous but modi- 
fied due to the non-perturbative quantum effects [rq|. Fi- 
nally, we have the usual classical regime where the cos- 
mological dynamics is governed by the usual Einstein's 
equations. The intermediate semi-classical phase is the 
most interesting phase as far as LQC is concerned. The 
interesting features of this phase are avoidance of many 
singularities in cosmological [Til and gravitational col- 
lapse scenarios 12], setting the initial condition for the 
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inflation[l3, possible signatures in Cosmic Microwave 
Background Radiation (CMBR) spectrum [Llj. nonsingu- 
lar cyclic models [l5j and trans-Planckian modifications 
to the frequency dispersion relation 16J. It has been 
shown recently that non perturbative effect in the semi- 
classical regime, leads to non-singular bouncing and os- 
cillatory behavior for the universe) 111. Scaling solutions 
in LQC have also been constructed [l]| and correspon- 
dence between string inspired and loop quantum cos- 
mologies has been found 19, 20] . Although, in most of 
these studies, the loop quantum effect has been incor- 
porated through the modification in the matter Hamil- 
tonian, recently Ashtekar et al. have made a complete 
analysis in LQC incorporating all modifications in the 
matter as well as the gravitational part of the Hamilto- 
nian |25l l2q . By solving the Hamiltonian constraint nu- 
merically, they have shown that the big bang is replaced 
by a big bounce. 

Recently, an effective scalar field theory governed by 
a Lagrangian density with a non-canonical kinetic term 
(C = -V{<t>)F(X), where X = -±0^5^), has at- 
tracted considerable attention in cosmology. Such a 
model can lead to a late time accelerated expansion and 
is called "k-essence" [27j. A scalar field with a non- 
canonical kinetic term has also been investigated for an 
early universe inflationary scenario and is termed "k- 
inflation" 28] . One example of such a field is tachyon 
matter governed by the Lagrangian density Ctach — 
—V((j))y/1 — 5^4)6 )j,(f>. As discussed by Padmanabhan 
and Roy Choudhury [23, this is the generalization of 
the Lagrangian of a relativistic particle. The Hamilto- 
nian structure of tachyonic matter given by the above 
Lagrangian is very similar to that of a special relativis- 
tic particle governed C = — myl — q 2 where m and q are 
the mass and generalized coordinate of the particle. This 
tachyon field can naturally arise in open string theory 30] 
and can provide a rich gamut of possibilities in cosmolog- 
ical context 31]. In this work, we explore the cosmologi- 
cal scenario with a tachyon matter in the context of loop 
quantum cosmology concentrating in the semi-classical 
regime. We shall not try to connect the Ctach to its string 
theory origin, rather we shall treat it just as a field with 
a nonstandard kinetic term. 

In section 2, we describe the tachyon matter in stan- 
dard cosmology in Hamiltonian approach. In section 3, 
we generalize it to LQC and show that tachyon matter in 



the semi-classical regime of LQC always results a super- 
accelerating period. A formal correspondence between 
classical cosmology and LQC is also established. In sec- 
tion 3, we describe the Hamilton- Jacobi formulation to 
generate exact solution and provide two examples for a 
bouncing universe. The paper ends with concluding re- 
marks in section 4. 



II. TACHYON IN STANDARD COSMOLOGY 



The standard procedure for calculating the energy den- 
sity and pressure for any field is to vary the action for 
the field with respect to the space time metric to ob- 
tain the energy-momentum tensor Tj? and then iden- 
tify the energy density and pressure as different compo- 
nents of T^ . In the Hamiltonian formulation, although 
one does not have such standard method, one can still 
define the e nerg y density and pressure in terms of the 
Hamiltonian 321: 



Assuming a spatially flat 3 + 1 dimensional homoge- 
neous and isotropic FRW background, the line element 
is given by 



ds 2 = -dt 2 + a 2 (t)(dx 2 + dy 2 + dz 2 ), 



(1) 



where a(t) is the scale factor. The Lagrangian for the 
tachyon field is given by [2£| 



-3/2,1/ 
P, = -p- 3/2 



2 P dH 4 
3 dp 



(8) 



which satisfy the matter conservation equation p^ = 
—3H(p ( / ) + P^). Using equations (3) and (7), one can 
check that equation (8) yields the standard expressions 
for energy density and pressure for the tachyon field: 



L 



-gV{4>)^l-4> 2 = -a i V{4>)^l-4> 2 , (2) 



where we assume the tachyon field to be time depen- 
dent, (f> = 4>(t), and V(4>) is the potential for the tachyon 
field. One can calculate the conjugate momentum for the 
tachyon field: 



P<t> 



dL a 3 V{(j))<j) 



1 -, 



(3) 



Using the Legendre transformation, one can now write 
the Hamiltonian for the tachyon field as 



H^p 4 )^a\IV 2 



-6-2 



(4) 



The Hamiltonian equations are now given by 



a 3 p<f, 



dp<t> 



dHtp 
' dcf> 



V 2 
a 3 VV' 



^p\ 



V 2 +a 



-6„2 



(5) 



where prime denotes differentiation w.r.t 4>. One can 
use these two equations to get the standard equation of 
motion for the tachyon field as 



-(1-0 2 ) 



• V 



(6) 



where H = - is the Hubble parameter. One can also de- 
fine a volume parameter p 3 ' 2 = a 3 and write the Hamil- 
tonian for the tachyon field as 



H. 



M, P4 )^p i/2 ^V 2 +p- 3 pl 



(7) 



V 



1 -. 



Pa, 



-V\l 



(9) 



III. TACHYON IN LOOP QUANTUM 
COSMOLOGY 

In loop quantum cosmology the variable p defined in 
the previous section, is known as redefined densitized 
triad and one of the basic phase space variables. The 
geometrical property of the space is contained in this 
variable. In loop quantum cosmology, the term p" 1 as- 
sociated with the momentum operator p^ in the effective 
scalar Hamiltonian is replaced by the eigenvalue Fj t i(j>) 
of the inverse densitized triad operator [33l | and one now 
writes the effective scalar Hamiltonian as 



ryloop _ 3/2 



V 2 



\F; 



3,1 



3„2 



(10) 



Here (J,t) are two quantization parameters |34|. The 
parameter j must take half integer values but otherwise 
arbitrary. It is related with the dimension of the rep- 
resentation while writing holonomy as a multiplicative 
operator. The parameter I can take only values between 
zero and one and corresponds to different equivalent ways 
of writing the inverse power of the densitized traid op- 
erator in terms of the poisson bracket of the basic vari- 
ables. The eigenvalue of the inverse densitized triad op- 
erator, Fjj(p) is given by Fjj(p) = p 3 ~ 1 Fi(p/p J ) where 
Pj = (l/ahjZ* = a 2 j/3 = al H2. Here 7 = 0.13 is the 
Barbero-Immirzi (B-I) parameter and l p i is the Planck 
length. Here aj = ^/o7 p is the scale above which we as- 
sume classical continuous space time but below which 
the space time is discreet. The second scale is a* below 
which the modification to the geometrical density due to 



quantum effect is important and one gets the modified 
Hamiltonian for the matter field. For j > 3, a, < a*, and 
there is a semi-classical regime ai < a << a*, where the 
space time can be considered as continuous but the quan- 
tum effects in the geometrical density is still important 

There is another modification which is essentialy due 
to the discreet quantum geometric nature of the space- 
time, as predicted by LQC in the regime a < o». It leads 
to a p 2 modification of the FRW (Friedman-Robertson- 
Walker) equation of the form H 2 ex p(l — p/p c ) |20| . 
where p c = 3/anj 2 l 2 . Here a is a constant of the order 
of unity deteremined by the eigenvalue of the area op- 
erator, k = 8nG. This is similar to the modification in 
the FRW equation arising in the Randall-Sundrum brane 
world scenario 21] with a difference that the correction 
term p 2 comes with a negative sign leading to a nonsingu- 
lar bouncing cosmology J25J. This modification in FRW 
equation is not only important in the highly energetic 
early universe when p is comparable to p c which is of 
the order of Planck density but also in the future if the 
universe is dominated by phantom dark energy [22| . In a 
recent paper, Sami et al. have investigated the fate of fu- 
ture singularities in a phantom dominated universe in the 
effective dynamics of LQC with a p 2 corrections in the 
FRW equation 23] . Also non-singular bouncing models 
in LQC with a p 2 modification in the FRW equation has 
been studied recently by Singh et al. [24|. 

The domain in which the inverse scale factor modifi- 
cations in the matter Hamiltonian given by eqn (10) is 
important, is solely determined by the parameter j which 
determines a* whereas the domain in which the p 2 correc- 
tion due to the discreet quantum effects is important de- 
pends on the value of the energy density. With an initial 
choice of matter configuration such that p < p Cl one can 
ignore the p 2 correction in the FRW equation and con- 
centrate solely in the semi-classical regime ai < a << a» 
with a modified matter Hamiltonian as in eqn (10). We 
will take this approach in our following study. 

Using equation (10) for the effective Hamiltonian for 
the tachyon field, one can now define the momentum of 
the tachyon field as 



the Hamiltonian TL,p by the effective Hamiltonian TL?° P 
|10| . It should be noted that while the first definition 
incorporates modifications both in energy and geomet- 
ric energy eigenvalues, the second incorporates only the 
modification in the energy eigenvalue and does not re- 
ceive any contribution from the modification in the be- 
haviour of volume operator. In our subsequent calcula- 
tions, we adopt the second type of convention for defining 
the energy density. Although the differences in the type 
of definitions do not affect the dynamical trajectories, 
however they do lead different effective Hubble rates and 
equation of states in semi-classical regime a < a* (for 
a detail study on how different ways of defining energy 
density may yield different results, see J16JL 

The expressions for energy density and pressure for the 
tachyon field now becomes 



loop 



yloop 



Vp*/ 2 \F 3 ,{p)? /2 



P*\F jtl (p)\3 - <P 2 

vy /2 i^-»i 3 / 2 



p 3 |F jy (p)|3-^ 



<J> 2 \Fj,i(p)\ 



p 2 \f 3 j(pW 



(12) 



In the above equations, the prime denotes the differen- 
tiation w.r.t the argument p. One can also write the 
equation of state for the tachyon field, 



u> 



loop 



p 2 \FjAp)\ 4 



(13) 



The function Fi(p/pj) is given by 



Fi(q) 



^WTWTWi {il+1){iq + l)l+2 - lq - lll+2} 



(l + 2) q {( q + iy+ 1 -sgn(q-l)\ q -l\ l + 1 }}- 



(14) 



4>V 



fm\ 3/2 \^p 3 \f 3 Ap)\ 3 -0 2 



(ii) 



which follows from the Hamiltonian equation of motion 

Qf-l l °°V 

d> = — „* — . We now determine the modification in the 

^ °p<p 

energy density expression for the tachyon field. Classi- 
cally, once we know the Hamiltonian H^,, it is straigh- 
forward to calculate the energy density as in equation 
(8). But there are two ways to obtain energy density in 
the semi-classical regime of LQC. One way is to obtain 
the density operator p q = H/a 3 and then take the semi- 
classical limit. Another way is to define the energy den- 
sity as the ratio of modified Hamitonian to the volume. 
This is same as keeping the definition (8) , only replacing 



One can recover the classical behavior Fi(p/pj) — > Pj/p 
for a » a*. In the semi-classical regime {ai < a << a*), 
Fi{p/pj) is approximated as 



Fi(p/P 3 ) = 



3(p/Pj) 



l + l 



(15) 



Using equation (12) and (15), one can now write the rel- 
evant equations for the tachyon field in the semi-classical 
regime of the loop quantum gravity: 



ZH Z = 



V 



1 -A- 1 {a*/a) a (, 



loop 



(16) 



2H + 3H Z = 



V 



l-l 



3<pH 
l-l 



1 -A- 1 (a* /a) 



-Kn lr,\ocA2 



ai2n _ rjloop 



A- l {a*/a) a <j } 2 ] = -P l 



(17) 



l-A- 1 (a*/a) a (f> 2 + 2(2-1) 



where F(t) — y/y = —H/(l — I). The parameters y 
and F can be viewed as the rescaled scale factor and the 
Hubble parameter. The above set of equations are ex- 
actly same as the classical Einstein's equations with a 
tachyon field \ and potential W(x)- This formal corre- 
spondence between the classical and semi-classical loop 
quantum cosmology can have interesting consequences. 
As < I < 1, it relates a classical expanding model to 
a contracting loop quantum one and vice versa. As an 
example, in classical cosmology, Padmanabhan has ear- 
lier foun d a p ower-law model driven by an inverse square 
potential |38|: 



A(a/a*) a - (j> 2 



V v=* 



(18) y(t)~t n , X = Xo + 



where prime denotes differentiation w.r.t (f>. The first 
equation in the above list is the Hamiltonian constraint 
equation, the second is the RayChaudhury equation and 
third one is the modified equation of motion for the 
tachyon field <j>. A^ 1 in the above equations is given by 
A- 1 = [(^ + l)/3] 3 /( 1 -' ) and a = 6(2 -I)/ (l-l) and is al- 
ways greater than 6 as < I < 1. It is easy to check that 
for I = 2, the equations (16)-(18) are identical to that 
for tachyon matter in usual classical cosmology. Using 
equations (16)-(18), one can now write 



2H 



3H 2 
l-l 



A- l (a^/a) a ^ 



a 12 



(19) 



Hence H is always greater than zero for any value of I 
in the allowed range < I < 1, showing that there is 
always a period of super-acceleration with tachyon field 
for loop quantum gravity in the semi-classical regime. 
This is unlike the tachyon field in the standard cosmology 
where H is always less than zero ruling out any super- 
accelerating regime. 

In the above set of equations (16)-(18), only two equa- 
tions are independent as the third equation can be ob- 
tained from the other two. But as we have three un- 
knowns, one has to assume some form for the potential 
V(4>) or for the scale factor a(t). One can now introduce 
a new set of variables: 



y=a -(v(i-o) ; JC =(i/ A )(^r/% 

a 

W( X (4>)) = V(cf>)/(l-l) 2 . (20) 

This transforms the set of equations (16) and (17) to 



3F 2 (t) 



2F(t) = - 



W( X ) 

w( x )x 2 



(21) 



(22) 



£*' W{X) 



W (x-Xo) 



(23) 

where xo Wo and Vb are constants. Employing the map- 
ping (21), one can now write the corresponding solution 
in LQC as 



a(t) ~ r 



4> = 4> + Bt c , V(<j>)=V Q (<t>-<t>o)- v (24) 



where 0o> B, c and Vq are constants, m = n(l — I) and 
p = 4/(2 — ma) . For n > 0, it transforms a expanding 
classical solution to a contracting model in LQC whereas 
for n < it does the opposite. It is interesting that 
although for power-law cosmology, the potential W(x) 
in classical case is always inverse square function of the 
tachyon field Xi i n LQC, the power p in the potential 
V(4>) depends on the power m of the scale factor a(t). 



IV. HAMILTON-JACOBI FORMULATION 
WITH TACHYON FIELD 

The Hamilton-Jacobi formulation |3(| is a effective way 
of rewriting the equations of motion. It results an eas- 
ier derivation of many cosmological solutions involving 
scalar fields specially in case of inflation [32]]. It al- 
lows one to consider Hubble parameter as a fundamen- 
tal quantity rather than potential V(<f>). Once H((f>) is 
specified, one can directly get the form of the poten- 
tial. The formalism has applications to general inho- 
mogeneous cosmology, though we concentrate here on its 
homogeneous version. 

If the Tachyon field <p(t) is a monotonically varying 
function of time, one can transform the equation (16) 
into the Hamilton-Jacobi Form: 



V 2 (4>) = 9H 4 

(3 ,, 



(1-QV% 

i ~ Jd 



■hb 



(l-l)a a ' 



(25) 



where /3 = a" /A. One can now write the scale factor as 



CONCLUSION 



a 



a 6 
l-l 



H 

J,i, 



(26) 



where clq is a constant of integration. Also by integrating 
the second equation in (25), one gets the time dependence 
of the tachyon field <j)(t): 



t = 



(3 



(l-l) J J^a a ' 
Also from equation (17), one can write 



Jrl> — 



2 dH 
3lP~d6' 



(27) 



(28) 



Hence once we specify the Hubble parameter H as a func- 
tion of the tachyon field <p, we can completely determine 
dynamics of the tachyon field. Here we show two exam- 
ples of a bouncing model assuming specific dependence 
of Hubble parameter H on <f>. We begin by considering a 
Hubble parameter of the form 



H = H 1 exp\jg<j>] 



(29) 



where Hi and g are two arbitrary constants. Integrating 
equation (22), we now get 



a = ao + 



3a/3.H"i 



V(i - o 



exp[2#0] 



(30) 



Assuming ao = 4 „"( 1 _ 1 n without any loss of generality, 
one can now write the solution as: 



exp[. 



Tan(-t) 



V(4>) = 3F 1 2 exp[2#](F 1 -F 2 e X p[-#]) 1 / 2 (31) 



a 



a a (t) = a Q Sec 2 (-t) 



where V\ = (1 



»(i-0 



) and Vi 



»(!-') 



Here we im- 



2g , Ui ^ r Z 2ff 

plicitly assumed that —ir/2 < t < n/2. The second class 
of bouncing model is given by, 



exp 



aV(l + exp[2 ff 0) 
Smft,[£] 



^ (l-Vjexpfofl) 1 / 2 
Vo exp[2g0J (32) 



exp [2 <?(/.] + 1 



H 

exp [#</>] 

V(0) 



where Vo is a constant, g = y 3 J , V\ = a(l — £)/3 

and ao = a c i_n ■ Here the universe, after reaching a 
minimum radius at £ = 0, bounces to an asymptotic de- 
Sitter phase in the late times. 



aoCosh[2t] 



_ /(1-Qa 



In this paper, we have considered tachyon matter 
within the context of semi-classical loop quantum cos- 
mology in the regime where the matter Hamiltonian re- 
ceives a non-perturbative quantum correction. In this 
regime, the eigenvalue of the inverse volume operator has 
a power-law dependence on the scale factor. This is the 
first analytic approach in the semi-classical loop quantum 
cosmology involving a scalar field with a non canonical 
kinetic term (also known as "k-essence" ) . 

We have calculated the energy density and pressure for 
the tachyon matter in this effective semi-classical theory 
and have constructed the system of equations for the cos- 
mic dynamics. One of the interesting features of tachyon 
matter in LQC is that it always results super-accelearting 
period during the semi-classical regime irrespective of the 
value of the model parameters. Hence tachyon matter in 
the semi-classical regime of the LQC always behaves as 
a phantom matter without having a wrong sign in front 
of its kinetic term in the action. 

We have also established a formal correspondence be- 
tween the Einstein's equations in LQC and those in clas- 
sical cosmology. It relates an expanding universe in clas- 
sical cosmology to a contracting one in LQC. A simi- 
lar correspondence has also been found earlier by Lidsey 
with a minimally coupled scalar field with usual canon- 
ical kinetic term[l8j. We have also shown that, for a 
power-law cosmology (a ~ t n ), the potential V{4>) is of 
the form V((j>) ~ (4>— 4>o) v , with p depending on n. This 
is unlike the classical behavior, where for power-law cos- 
mology, the potential for the tachyon is always inverse 
square function of the field 4> irrespective of the power in 
the scale factor |38| . 

Finally, we present the Hamilton-Jacobi method for 
obtaining exact solution of the system of equations in 
LQC once one chooses some specific form for the Hub- 
ble parameter H as a function of field <fi. We present 
two examples of nonsingular bouncing solutions for the 
cosmic dynamics, one of them bounces to an asymptoti- 
cally de-Sitter universe. These solutions can be useful for 
studying the evolution of perturbations in a nonsingular 
bouncy tachyon dominated universe. 

This work is a first step towards studying k-essence 
field in the context of LQC and it will be interesting to 
investigate more general form for the Lagrangian of the 
k-essence field in LQC. Also, in our study, we have chosen 
an initial matter configuartion with p < p c , thus neglect- 
ing the p 2 correction in the FRW equation coming from 
the discrete quantum nature of the spacetime. It will be 
really interesting to also consider such correction together 
with the modification in the matter Hamiltonian and do 
similar study. It has been earlier shown that scaling so- 
lutions in LQC with a p 2 correction in the FRW equa- 
tion has dual relationship with those in Randall-Sundrum 
cosmology 20]. Considering LQG corrections both in 
the gravitational and matter part of the Einstein's equa- 
tions, it will be really interesting to study such duality 



in Tachyon cosmology. It may be also interesting to con- 
sider such corrections in case of Tachyon inflation which 
although faces serious difficulty in standard cosmology 
J39l | . subsequent investigations have shown that p 2 cor- 



rections in FRW equation coming from brane models can 
alleviate the problem |4Q| . This will be our aim in future 
investigations. 
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